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Abstract
Let G = Gal(Q/Q) be the absolute Galois group of Q and let A = C(G,C) be the Banach algebra of all continuous functions
defined on G with values in C. Let e be the conjugation automorphism of C and let B be the R-Banach subalgebra ofA consisting
of continuous functions f such that f (eσ) = e f (σ ) for all σ ∈ G. Let ‖x‖ = sup{|σ(x)| : σ ∈ G} be the spectral norm on Q
and let Q˜ be the spectral completion of Q. Using a canonical isometry between Q˜ and B we study the structure of the group of
R-algebras automorphisms of Q˜ and the structure of its subgroup Alg(Q˜) of all automorphisms of Q˜ which when restricted to Q
give rise to elements of G. We introduce a topology on Alg(Q˜) and prove that this last one is homeomorphic and group isomorphic
to G.
c© 2007 Elsevier B.V. All rights reserved.
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0. Introduction
Let G = Gal(Q/Q) be the absolute Galois group of Q endowed with the Krull topology (see [1,4,5]), and let
A = C(G,C) be the C-Banach algebra of all continuous functions defined on G with values in C (see [2,3]). Let e be
the conjugation automorphism of C and let B be the R-Banach subalgebra of A consisting of continuous functions f
which are symmetric, i.e. f (eσ) = e f (σ ) for all σ ∈ G (see [8]). Let ‖x‖ = sup{|σ(x)| : σ ∈ G} be the spectral
norm on Q and let Q˜ be the spectral completion of Q i.e. the completion of Q with respect to the spectral norm
(see [6]). By the isometry x  ϕx , ϕx (σ ) = σ(x), from Q to B, Q˜ can be identified with B (see [8] or Theorem 1
in this paper). For any f ∈ A we denote by S( f ) the image of f in C. An automorphism θ of Q˜ is an R-algebras
automorphism of Q˜ which is continuous like a linear operator. Denote by Aut(Q˜) the set of all automorphisms of Q˜.
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In Theorem 3 we prove that S( f ) = S(θ( f )) for any θ ∈ Aut(Q˜). In particular, ‖ f ‖ = ‖θ( f )‖, i.e. θ is an
isometry and Aut(Q˜) is a group (Corollary 1). In Proposition 1 we introduce a bijective mapping H between the group
Aut(Q˜) and the group of all homeomorphisms h of G, such that h(eτ) = eh(τ ) for any τ ∈ G. The subgroup Alg(Q˜)
of all automorphisms of Q˜, which carries Q into itself, is completely described in Theorem 4 (it is isomorphic with
G). Namely, any element θ of Alg(Q˜) is of the form h∗σ , where σ ∈ G and h∗σ ( f )(τ ) = f (τσ ) for any τ ∈ G and any
f ∈ Q˜. In Theorem 5 we prove that in C(G,C) one can find an infinite number of distinct copies of algebraic closures
of Q.
We also introduce a topology on Alg(Q˜) and prove that this last one is homeomorphic and group isomorphic
to G (Theorem 6). All these results are a natural continuation of our philosophy from [6–8] which consists in
trying to describe some curious properties of the absolute Galois group G by studying different classes of R-Banach
subalgebras of C(G,C).
1. Notations and basic results
Let Q be the field of rational numbers, R the field of real numbers and C the field of complex numbers. Let Q
be the algebraic closure of Q in C, i.e. the field of algebraic numbers and let G = Gal(Q/Q) be the absolute Galois
group (of Q). G is a compact totally disconnected topological group relative to the usual Krull topology (see [1]). For
any x ∈ Q, we define the spectral norm of x by:
‖x‖ = sup
σ∈G
|σ(x)| .
The spectral norm is a norm on Q and this last one becomes a normed field relative to ‖.‖ (see [6]). Moreover,
the restriction of ‖.‖ to Q is the usual Archimedean absolute value |.| on Q. In this way, the couple (Q, ‖.‖) becomes
a (Q, |.|)-normed algebra which is not complete (it does not contain R). We shall denote by Q˜ the completion of
(Q, ‖.‖) and call it the spectral completion of Q. This Q˜ becomes in a natural way a Banach R-algebra (see [6,8]).
Denote by C(G,C) the C-Banach algebra of all continuous functions defined on the topological space G with values
in C. We denote by the same ‖.‖ the usual sup-norm in C(G,C):
‖ f ‖ = sup
σ∈G
| f (σ )|
for any f ∈ C(G,C). To any x ∈ Q let us associate ϕx ∈ C(G,C), defined by ϕx (σ ) = σ(x). Let e be the identity of
G and e be the conjugation automorphism on C (or on Q).
Theorem 1 ([8]). The mapping x → ϕx defines in a natural way an isometric isomorphism between the R-Banach
algebra Q˜ and the R-Banach subalgebra Csym(G,C) of C(G,C), consisting of the continuous functions f : G → C
such that for any σ ∈ G one has:
f (eσ) = e( f (σ )).
A function f ∈ C(G,C) with the property displayed in Theorem 1 is called a symmetric function (since its image
is symmetric relative to the Ox-axis).
For any σ ∈ G and for any f ∈ C(G,C) denote σ f : G → C, defined by
(σ f )(τ ) = f (τσ )
and σ ∗ f : G → C, defined by
(σ ∗ f )(τ ) = f (σ−1τ).
Let us denote by σ˜ and σ ∗ the automorphisms of the Banach algebra C(G,C), f → σ f and f → σ ∗ f
respectively. The restriction of σ˜ to Csym(G,C) is again an automorphism of this last R-Banach algebra. Since
‖σ f ‖ = ‖σ ∗ f ‖ = ‖ f ‖, this last Banach algebra automorphisms are in fact isometries.
In the following we shall identify Q˜, the spectral completion of Q relative to ‖.‖, with Csym(G,C) (x → ϕx ).
According to [8], Q˜ has a topological generic element T , i.e. an element T ∈ Q˜ such that the polynomial ring Q[T ]
is dense in Q˜.
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For any element f of C(G,C) denote by O( f ) = {σ f | σ ∈ G}, the orbit of f with respect to G, and by
S( f ) = { f (σ ) | σ ∈ G}, the support of f . We look at O( f ) as a topological subspace of C(G,C) and at S( f )
as a topological subspace of C.
Theorem 2 ([8]). Let T be a topological generic element of Q˜. Then the mappings G → O( f ), σ  σT , and
G → S(T ), σ  T (σ ) are bijective and bicontinuous.
2. The automorphisms of Q˜
Let us denote by Aut(Q˜) the set of all automorphisms of Q˜. This means automorphisms θ : Q˜→ Q˜ of R-algebras,
which are continuous, i. e. there exists a real number A > 0 such that:
‖θ( f )‖ ≤ A ‖ f ‖
for any f ∈ Q˜.
Theorem 3. Let θ be an automorphism of Q˜. Then for any f ∈ Q˜ one has:
S( f ) = S(θ( f )).
Proof. We shall prove first the inclusion S(θ(ϕx )) ⊆ S(ϕx ) for any element ϕx ∈ Csym(G,C), where x ∈ Q.
Indeed, let h(x) ∈ Q[x] be the minimal polynomial of x . Then for any σ ∈ G one has: h(ϕx (σ )) = h(σ (x)) = 0,
i.e. h(ϕx ) = 0. Then θ(h(ϕx )) = h(θ(ϕx )) = 0. So for any σ ∈ G one has: h(θ(ϕx )(σ )) = 0. This shows that
θ(ϕx )(σ ) ∈ S(ϕx ), i.e. S(θ(ϕx )) ⊆ S(ϕx ).
Now let f ∈ Q˜. Then does exist a sequence {xn}n of elements of Q such that f ‖.‖= limϕxn . Since θ is continuous,
θ( f )
‖.‖= lim θ(ϕxn ). Let σ ∈ G. Then θ( f )(σ ) |.|= lim θ(ϕxn )(σ ). We shall prove that θ( f )(σ ) is the limit of some
elements of S( f ), so it belongs to S( f ) since this last one is closed (Theorem 2). Indeed, let ε > 0 be a real number.
Let n be a natural number such that
∥∥ f − ϕxn∥∥ < ε. This means that for any τ ∈ G one has: ∣∣ f (τ )− ϕxn (τ )∣∣ < ε.
But, the continuity of θ implies that:
∣∣θ( f )(τ )− θ(ϕxn )(τ )∣∣ < Aε for all τ ∈ G. Then, since S(θ(ϕxn )) = S(ϕxn ),
for any σ ∈ G, there exists σ ′ ∈ G, such that θ(ϕxn ) = ϕxn (σ ′). Now one can write:∣∣θ( f )(σ )− f (σ ′)∣∣ = ∣∣θ( f )(σ )− ϕxn (σ ′)+ ϕxn (σ ′)− f (σ ′)∣∣ < (A + 1)ε.
So θ( f )(σ ) can be approximated with elements of S( f ). Hence S(θ( f )) ⊆ S( f ). Let us put θ−1 instead of θ and
θ( f ) instead of f . One gets S( f ) = S(θ−1(θ( f ))) ⊆ S(θ( f )), i.e. S( f ) = S(θ( f )). 
Corollary 1. Let θ be an automorphism of Q˜. Then for any f ∈ Q˜ one has:
‖θ( f )‖ = ‖ f ‖
i.e. θ is an isometry. In particular θ−1 is also continuous.
According to [8] let T be a topological generic element of Q˜, i.e. an element T ∈ Q˜ such that any other g ∈ Q˜
can be represented like g
‖.‖= limn→∞ Pn(T ), where Pn(T ) ∈ R[T ], the R-subalgebra of Q˜ generated by T . Due
to Theorem 2 (or [8]) the mapping T̂ : G → S(T ), T̂ (σ ) = σ(T ), is bijective and bicontinuous. If θ is an
automorphism of Q˜, then θ(T ) is also a topological generic element of Q˜. Hence θ̂ (T ) : G → S(θ(T )) = S(T )
is also a homeomorphism. Then the composition of mappings τ  T (τ )  θ(T )(τ ) = T (τ ′)  τ ′, denoted by
H(θ) : G → G, H(θ)(τ ) = τ ′, defines a homeomorphism of G.
Now let h : G → G be a homeomorphism of the topological space G. For any f ∈ Q˜, denote by h∗( f ) the element
of C(G,C) defined by: h∗( f )(τ ) = f (h(τ )) for any τ ∈ G. It is not difficult to prove that h∗(Q˜) ⊆ Q˜ if and only if
h(eτ) = eh(τ ) for any τ ∈ G. In fact one has the following result:
Proposition 1. The mapping H, θ  H(θ), defined above gives a bijection between Aut(Q˜) and the set of all
homeomorphisms h : G → G, which verify the additional condition:
h(eτ) = eh(τ )
for all τ ∈ G. Moreover one has h = H(h∗), i.e. H−1(h) = h∗.
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Proof. In order to prove this result we must look carefully at Theorems 2 and 3.
Indeed, the composition τ  T (τ )  θ(T )(τ ) = T (τ ′)  τ ′ = H(θ)(τ ) contains only bijective and
bicontinuous mappings. So H(θ) is a homeomorphism of G. Since T and θ(T ) are in Q˜ = Csym(G,C), one has
eτ  eT (τ ) eθ(T )(τ ) = eT (τ ′) eτ ′. Hence H(θ)(eτ) = eH(θ)(τ ).
If θ, θ ′ ∈ Aut(Q˜) and θ 6= θ ′ then there exists µ ∈ G such that θ(T )(µ) 6= θ ′(T )(µ) (since T is a topological
generic element of Q˜). If µ′ = H(θ)(µ) and µ′′ = H(θ ′)(µ), since T (µ′) = θ(T )(µ) 6= θ ′(T )(µ) = T (µ′′), one has
that µ′ 6= µ′′, i.e. H(θ) 6= H(θ ′) and so H is injective.
Now let h be a homeomorphism of G which verifies the displayed condition in the theorem. We shall prove that
h = H(h∗), so H is surjective. Indeed, for any τ ∈ G let us compute: H(h∗)(τ ) = τ ′, where T (τ ′) = h∗(T )(τ ) =
T (h(τ )). Since T is a generic element of Q˜ = Csym(G,C), T : G → C is injective (T separates the elements of G),
so h(τ ) = τ ′ = H(h∗)(τ ) for any τ ∈ G, i.e. h = H(h∗). It is easy to prove that h∗ ∈ Aut(Q˜) and the proof of the
theorem is complete. 
3. The algebraic automorphisms of Q˜
We continue to identify Q˜ with its image Csym(G,C) in C(G,C). By this identification, to any algebraic number
x ∈ Q one associates the function ϕx : G → C, ϕx (σ ) = σ(x) for any σ ∈ G. An automorphism θ of Q˜ is called
algebraic if for any x ∈ Q one has θ(ϕx ) ∈ Q, i.e. θ(ϕx ) = ϕy for a suitable y ∈ Q. Denote by Alg(Q˜) the semigroup
consisting of all algebraic automorphisms of Q˜. For any σ ∈ G, the right multiplication by σ in G, hσ , hσ (τ ) = τσ ,
gives rise to an algebraic automorphism h∗σ ∈ Alg(Q˜). Indeed, by definition h∗σ ( f )(τ ) = f (hσ (τ )) = f (τσ ) =
(σ f )(τ ) (see Section 1). So h∗σ ( f ) = σ f . In particular, h∗σ (ϕx )(τ ) = σϕx (τ ) = ϕx (τσ ) = τσ (x) = ϕσ(x)(τ ).
Hence, h∗σ (ϕx ) = ϕσ(x) and so h∗σ ∈ Alg(Q˜). Since any f ∈ Q˜ can be approximated by ϕxn with xn ∈ Q, one has that
h∗σ ( f ) = σ f .
Theorem 4. Any algebraic automorphism θ of Q˜ is of the form h∗σ for a suitable σ ∈ G. In particular Alg(Q˜) is a
subgroup of Aut(Q˜). Moreover, the map σ  h∗σ gives a group isomorphism between G and Alg(Q˜).
Proof. For any x ∈ Qwe define in a unique way an element y ofQ such that θ(ϕx ) = ϕy . Since θ is an automorphism
of R-algebras of Q˜, its restriction σ to Q is a Q-fields morphism of Q into itself. In particular, σ(x) = y. Since
Q/Q is a normal algebraic extension, this σ is also a Q-automorphism of Q (see [1]). Let us now prove that
θ = h∗σ . For this, it is enough to prove this last equality on Q, which is dense in Q˜. Let x be in Q. Then, for any
τ ∈ G, h∗σ (ϕx )(τ ) = ϕσ(x)(τ ) = ϕy(τ ) = θ(ϕx )(τ ), i.e. h∗σ (ϕx ) = θ(ϕx ) for any x ∈ Q, and the first part of the
statement is proved. Since (h∗σ )−1 = h∗σ−1 we see that Alg(Q˜) is a subgroup of Aut(Q˜). It is easy to see that the map
σ  h∗σ is a group isomorphism (G acts faithfully on Q) and the theorem is completely proved. 
Theorem 5. Let σ ∈ G = Gal(Q/Q) σ 6= e, e and let Iσ : G → G, Iσ (τ ) = σ−1τσ , be the inner automorphism of
G determined by σ . Then I ∗σ ∈ Aut(C(G,C)), I ∗σ 6∈ Aut(Q˜) and I ∗σ (Q) 6⊆ Q. Moreover, one can find in C(G,C) an
infinite number of distinct copies of algebraic closures of Q.
Proof. By definition, I ∗σ ( f ) = f ◦ Iσ so I ∗σ is a C-algebra automorphism of C(G,C). Assume now that I ∗σ ∈ Aut(Q˜),
i.e. I ∗σ (Q˜) = Q˜. By Proposition 1, Iσ (e) = e, i.e. eσ = σe. A consequence of Artin–Schreier theory (see [4]) says
that σ = e or e, contrary to our hypothesis. So I ∗σ 6∈ Aut(Q˜). Suppose now that I ∗σ (Q) ⊂ Q. This means that for any
x ∈ Q, I ∗σ (ϕx ) = ϕy for a convenient y ∈ Q. But this last equality implies that (σ−1τσ )(x) = τ(y) for any τ ∈ G.
For τ = e we get x = y and for τ = e one obtains eσ = σe, so σ = e or e, again a contradiction. Hence I ∗σ (Q) 6⊆ Q.
Let now G0 = {e, e} and let {µ j } j∈J be a complete set of representatives of the set of the left cosets G/G0. Then
{I ∗µ j (Q)} j∈J are pairwise distinct. Indeed, if I ∗µ j (Q) = I ∗µi (Q), then for any x ∈ Q there exists a y ∈ Q such that
I ∗µ j (ϕx ) = I ∗µi (ϕy), i.e. (µ−1j τµ j )(x) = (µ−1i τµi )(y) for any τ ∈ G. For τ = e we get y = x and for τ = e we
obtain eµ jµ
−1
i = µ jµ−1i e. Again Artin–Schreier theory tells us that µ j = µi or µi = eµ j . So i = j and the proof
of the theorem is complete. 
Remark 1. Let h : G → G be a (bicontinuous) automorphism of G such that h(e) = e, where e is the conjugation
automorphism in G = Aut(Q/Q). Then h∗ is an algebraic automorphism of Q˜ if and only if h is the identity
automorphism.
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Now let θ0 ∈ Aut(Q˜), let f1, f2, . . . , fn ∈ Q˜ and let ε > 0, ε ∈ R. Denote V (θ0; f1, f2, . . . , fn; ε) = {θ ∈
Aut(Q˜) | ‖θ( fi )− θ0( fi )‖ < ε, i = 1, 2, . . . , n}. It is not difficult to prove that {V (θ0; f1, f2, . . . , fn; ε)}, where
f1, f2, . . . , fn run over all finite subsets of Q˜ and ε runs in the interval (0,∞), give rise to a fundamental system of
neighborhoods of θ0 in Aut(Q˜). Let∆ be the topology induced by this last fundamental system on Alg(Q˜). In this way
this last group becomes a topological group.
Theorem 6. The group isomorphism Ψ : G → Alg(Q˜), introduced in Theorem 5, is in fact a group homeomorphism
between the topological group G (with Krull topology) and the topological group Alg(Q˜) (with topology ∆).
Proof. Since G is a compact group it is enough to prove the continuity of Ψ . Let V (h∗σ ; f1, f2, . . . , fn; ε) be a
neighborhood of h∗σ in Alg(Q˜). Let xi be in Q such that
∥∥ fi − ϕxi∥∥ < ε/2 for all i = 1.2, . . . , n. Let us denote by
V (σ ; x1, . . . , xn) = {µ ∈ G | µ(xi ) = σ(xi ), i = 1, 2, . . . , n} the neighborhood of σ in G, which corresponds to
x1, . . . , xn . It is not difficult to prove that Ψ(V (σ ; x1, . . . , xn)) ⊂ V (h∗σ ; f1, f2, . . . , fn; ε) for any ε > 0. But this
last inclusion proves the continuity of Ψ in σ for any σ ∈ G, i.e. the continuity of Ψ on the whole G and the proof is
complete. 
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